HOMOTOPY ON SPATIAL GRAPHS AND THE SATO-LEVINE 

INVARIANT 



THOMAS FLEMING AND RYO NIKKUNI 

Abstract. Edge-homotopy and vertex-homotopy are equivalence relations on 
spatial graphs which are generalizations of Milnor's link-homotopy. We intro- 
duce some edge (resp. vertex)-homotopy invariants of spatial graphs by ap- 
plying the Sato-Levine invariant for the 2-component constituent algebraically 
split links and show examples of non-splittable spatial graphs up to edge (resp. 
vertex)-homotopy, all of whose constituent links are link-homotopically trivial. 



1. Introduction 

Throughout this paper we work in the piecewise linear category. Let G be a 
finite graph which does not have isolated vertices and free vertices. An embedding 
/ of G into the 3-sphere S 3 is called a spatial embedding of G or simply a spatial 
graph. For a spatial embedding / and a subgraph H of G which is homeomorphic 
to the 1-sphere S 1 or a disjoint union of 1-spheres, we call f(H) a constituent knot 
or a constituent link of /, respectively. A graph G is said to be planar if there 
exists an embedding of G into the 2-sphere «S 2 , and a spatial embedding of a planar 
graph is said to be trivial if it is ambient isotopic to an embedding of the graph into 
a 2-sphere in S 3 . A spatial embedding / of a graph G is said to be split if there 
exists a 2-sphere S in S 3 such that S (~l f{G) — and each component of S 3 ~ S 
has intersection with /(G), and otherwise / is said to be non-splittable. 

Two spatial embeddings of a graph G are said to be edge-homotopic if they 
are transformed into each other by self crossing changes and ambient isotopies, 
where a self crossing change is a crossing change on the same spatial edge, and 
vertex-homotopic if they are transformed into each other by crossing changes on 
two adjacent spatial edges and ambient isotopiesQ These equivalence relations were 
introduced by Taniyama [19] as generalizations of Milnor's link-homotopy on links 
.8], namely if G is homeomorphic to a disjoint union of 1-spheres, then these are 
none other than link-homotopy. There are many studies about link-homotopy. In 
particular, the link-homotopy classification was given for 2- and 3-component links 
by Milnor [8] , for 4-component links by Levine [7] and for all links by Habegger and 
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Lin [2]. On the other hand, there are very few studies about edge (resp. vertex)- 
homotopy on spatial graphs [18] , [9] , [13] , [11] . 

In [18j . Taniyama defined an edge (resp. vertex)-homotopy invariant of spatial 
graphs called the a-invariant by applying the Casson invariant (or equivalently the 
second coefficient of the Conway polynomial) of the constituent knots and showed 
that there exists a non-trivial spatial embedding / of a planar graph up to edge 
(resp. vertex)-homotopy, even in the case where / does not contain any constituent 
link. But the a-invariant cannot detect a non-splittable spatial embedding of a 
disconnected graph up to edge (resp. vertex)-homotopy. As far as the authors know, 
an example of a non-splittable spatial embedding of a disconnected graph up to 
edge (resp. vertex)-homotopy, all of whose constituent links are link-homotopically 
trivial has not yet been demonstrated. 

Our purpose in this paper is to study spatial embeddings of disconnected graphs 
up to edge (resp. vertex)-homotopy by applying the Sato-Levine invariant [14] (or 
equivalently the third coefficient of the Conway polynomial) for the constituent 
2-component algebraically split links and show that there exist infinitely many 
non-splittable spatial embeddings of a certain disconnected graph up to edge (resp. 
vertex) -homotopy all of whose constituent links arc link-homotopically trivial. These 
examples show that edge (resp. vertex)-homotopy on spatial graphs behaves quite 
differently than link- homotopy on links. In the next section we give the definitions 
of our invariants and state their invariance up to edge (resp. vertex)-homotopy. 

2. Definitions of invariants 

We call a subgraph of a graph G a cycle if it is homeomorphic to the 1-sphere, 
and a cycle is called a k-cycle if it contains exactly k edges. For a subgraph H of 

G, we denote the set of all cycles of H by T(H). We set Z m = {0, 1, . . . , m — 1} for 
a positive integer m and Zo = Z. We regard Z m as an abelian group in the obvious 
way. We call a map u> : T(H) — > Z m a weight on T(H) over Z m . For an edge e of 

H, we denote the set of all cycles of H which contain the edge e by T e (H). For 
a pair of two adjacent edges e\ and e 2 of if, we denote the set of all cycles of H 
which contain the edges e\ and by T eite2 (H). Then we say that a weight to on 
T(H) over Z m is weakly balanced)o on an edge e if 

E <o(7)=0 
76r c (#) 

in Z m |10| . and weakly balanced on a pair of adjacent edges e\ and e 2 if 

E w W = o 

7 er ei , e2 (i?) 

in Z m . Let G — G± U G 2 be a disjoint union of two connected graphs and u>i : 
r(Gj) — ► Z m a weight on r(Gj) over Z m (i — 1,2). Let / be a spatial embedding 
of G such that 

wi(7)w 2 (7 , )lk(/( 7 ),/(y)) = 

in Z for any 7 e T(Gi) and 7' 6 T(G 2 ), where lk(£) = lk(K 1) K 2 ) denotes the 
linking number of a 2-component oriented link L = Ki U K 2 . Then we define 

2 A weight u) on T(H) over Z m is said to be balanced on an edge e of H if 5D 7 gr e (H) aJ (7)W = 
in Hi(H; Z m ), where the orientation of 7 is induced by the one of e |18j . 
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/W*>(/) = E ^i(7V 2 (7')«3(/(7),/(7')) (modm), 

i'ev{G 2 ) 

where 0.3 (X) = 03(^1, K2) denotes the third coefficient of the Conway polynomial of 
a 2-component oriented link L = K1UK2. We remark here that 03 (L) coincides with 
the Sato-Levine invariant (3 (L) of L if L is algebraically split, namely lk(ifi, K2) = 
PQ, [IT]. Thus our (3uj lyUJ2 (f) is also the modulo m reduction of the summation of 
Sato-Levine invariants for the constituent 2-component algebraically split links of 
/• 

Remark 2.1. For a 2-component algebraically split link L = K\ U K2, 

(1) The value of 03 (L) does not depend on the orientations of K\ and K2 ■ 
Actually we can check it easily by the original definition of the Sato-Levine 
invariant. 

(2) The value of a^{L) is not a link-homotopy invariant of L (see also Lemma 
I3.ip . For example, the Whitehead link L is link-homotopically trivial but 
a 3 (L) = 1. 

Now we state the invariance of /3 Ul>ul2 up to edge (resp. vertex)-homotopy under 
some conditions on the graphs. 

Theorem 2.2. Let G — G\ U G2 be a disjoint union of two connected graphs and 
LOi a weight on r(Gi) over Z m (i — 1,2). Let f be a spatial embedding of G such 
that 

Wl ( 7 )a; 2 (7')lk(/(7),/(70) = 
in Z for any 7 £ T(G\) and 7' 6 T(G2)- Then we have the following: 

(1) If LUi is weakly balanced on any edge of Gi (i — 1,2), then Pux,ui 2 (f) * s an 
edge-horaotopy invariant of f. 

(2) If LOi is weakly balanced on any pair of adjacent edges of Gi (i = 1,2), then 
(3oj 1 ,oj 2 (f) * s a vertex-homotopy invariant of f. 

We prove Theorem l2.2l in the next section. In addition, by using an integer-valued 
invariant (Theorem l4.2p , we show that there exist infinitely many non-splittable spa- 
tial embeddings of a certain disconnected graph up to edge-homotopy all of whose 
constituent links are link-homotopically trivial (Example 14. 3|) . We also exhibit an 
infinite family of non-splittable spatial embeddings of a certain disconnected graph 
up to vertex-homotopy which can be distinguished by our integer- valued invariant 
f Example [44)) . 

We note that if a graph G contains a connected component which is homeomor- 
phic to the 1-sphere, then our invariants in Theorem l2.2l are useless. For such cases, 
we can define edge (vertex)-homotopy invariants that take values in Z2 on weaker 
condition for weights than the one stated in Theorem 12.21 For a subgraph H of a 
graph G, we say that a weight to on T(H) over Z2 is totally balanced if 

E w (7)H = o 

7 er(ff) 

in Hi(H;Z2). We note that if a weight 10 on T(H) over Z2 is totally balanced, 
then it is weakly balanced on any edge e of H (Lemma l3.2|) . but not always weakly 
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balanced on any pair of adjacent edges of H (Remark 13 . 3|) . Then we have the 
following. 

Theorem 2.3. Let G = G\ U G2 be a disjoint union of two connected graphs and 
LUi a weight on T(Gi) over Z 2 (i = 1,2). Let f be a spatial embedding of G such 
that 

c 1 ( 7 v 2 ( 7 ')ik(/( 7 ),/( 7 ')) = o 

in Z for any 7 G T(Gi) and 7' 6 r(G 2 ). T/ien we Ziawe the following: 

( 1 ) J/ either u>i is totally balanced on T(Gi) or w 2 is totally balanced on r(G 2 ) 7 
then (3uj lt uj 2 (f) is an edge-homotopy invariant of f. 

( 2 ) If either u>\ is totally balanced on T(Gi) and weakly balanced on any pair of 
adjacent edges ofG\, or u>2 is totally balanced onr(G 2 ) and weakly balanced 
on any pair of adjacent edges of G 2 , then 0u, 1>ul2 (f) is a vertex-homotopy 
invariant of f . 

We also prove Theorem l2.3l in the next section and give some examples in Section 
5. In particular, we show that there exist infinitely many non-splittable spatial 
embeddings of a certain disconnected graph up to vertex-homotopy, all of whose 
constituent links are link-homotopically trivial ( Example 15 .4[) . We remark here that 
the Z 2 -valued invariant in Theorem 12.31 cannot always be extended to an integer- 
valued one (Remark l5.5|) . 

Theorems 12.21 and 12 . 31 do not work for spatial graphs as illustrated in Figure [27X1 
for instance. In Section 6, we state a method to detect such non-splittable spatial 
graphs up to edge-homotopy by using a planar surface having a graph as a spine 
(Theorem 16. 1|) . Actually we show that each of the spatial graphs as illustrated in 
Figure |2~11 is non-splittable up to edge-homotopy (Example I6.2p . 




(1) (2) 
Figure 2.1. 

3. Proofs of Theorems 12.21 and 12.31 

We first calculate the change in the third coefficient of the Conway polynomial 
of 2-component algebraically split links which differ by a single self crossing change. 

Lemma 3.1. Let L + and L_ be two 2-component oriented links and Lq — J\ U 
J2 U K a 3- component oriented link which are identical except inside the depicted 
regions as illustrated in Figure HOI Suppose that lk(L + ) = lk(L_) = 0. Then it 
holds that 

a 3 (L+) - a 3 (L_) = -lk(J x , K) 2 - -lk(J 2 , K) 2 . 
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Figure 3.1. 

Proof. By the skein relation of the Conway polynomial and a well-known formula 
for the second coefficient of the Conway polynomial of a 3-component oriented link 
(cf. @], 0, 0), we have that 

(3.1) a 3 (L+) -a 3 (L_) = lk(Ji, J 2 )lk(J 2 , K) + lk(J 2 , K)\k(J u K ) 

+\k(J u K)\k(J u J 2 ). 

We note that 

(3.2) \k{J u K)+lk(J 2 ,K) = 

by the condition lk(L+) = lk(L_) = 0. Thus by ([3TT]) and ([3~3]) . we have that 

3 (L+) - 3 (L_) = lk(J lf J 2 ){-lk( Jl,iT)} + 1^2,^)1^!, X) 

+lk(J 1 ,x)lk(J 1 , J 2 ) 
= ik(j a ,jr)]k(Ji,ir). 

Therefore by (|3.2[) we have the result. □ 

Proof of Theorem \2.2[ (1) Let / and g be two spatial embeddings of G such that 

(3.3) c 1 ( 7 V 2 ( 7 ')lk(/( 7 ),/( 7 ')) = 

in Z for any 7 6 T(Gi) and 7 ' G T(G 2 ) and g is edge-homotopic to /. Then it also 
holds that 

(3.4) Wl ( 7 V 2 ( 7 ')lk( 5 ( 7 ), 3 ( 7 ')) = 

in Z for any 7 6 T(Gi) and 7 ' G T(G 2 ) because the linking number of a 2-component 
constituent link of a spatial graph is an edge-homotopy invariant. First we show that 
if / is transformed into g by self crossing changes on /(Gi) and ambient isotopies, 
then Poj liUl2 (f) = /3 WljW2 (g). It is clear that any link invariant of a constituent link 
of a spatial graph is also an ambient isotopy invariant of the spatial graph. Thus 
we may assume that g is obtained from / by a single crossing change on /(e) for 
an edge e of G\ as illustrated in Figure I3T21 Moreover, by smoothing this crossing 
point we can obtain the spatial embedding h of G and the knot Jh as illustrated 
in Figure [221 Then by (|3.3[) . (|3.4[) . Lemma |3~T1 and the assumption for lo\ we have 
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that 

A^ 2 (/) - (3 Uu u, 2 {g) = ^i{l)^2h'){a 3 (f(j),fh'))-a 3 (g(j),g{j'))} 

7 er(Gi) 

l'<=V{G 2 ) 

Y w i(7)^2(7'){ a 3(/(7),/(7')) ~ ^{9(7), 9(Y))} 

7er e (G!) 
T 'er(G 2 ) 

Wl ( 7 V 2 ( 7 ')lk(/i(7'),A) 2 



£ Wl ( 7 ) J] W2 ( 7 ')lk(/,( 7 '),A) 
v7 6r c (Gi) / 7 'er(G 2 ) 



0. 



Therefore we have that Pu 1 ,u 2 {f) = /3u 1 ,w 2 (fl')- I n the same way we can show that if 
/ is transformed into 5 by self crossing changes on /(G2) and ambient isotopies, then 
Pwuuiif) = ^i,u) 2 (9)- Thus we have that /3 ui 1 ,oj 2 is an edge-homotopy invariant. 

(2) By considering the triple of spatial embeddings as illustrated in Figure [3751 
we can prove (2) in a similar way as the proof of (1). We omit the details. □ 



KG 2) 



f(e) 






o 



9(G 2 ) 




h(G 2 ) h(e) 




9(e) 
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Jh \ 



Figure 3.2. 

Next we prove Theorem 12.31 For a subgraph H of a graph G, we have the 
following. 

Lemma 3.2. A totally balanced weight to on T(H) over 1i is weakly balanced on 
any edge e of H . 

Proof. For an edge e of H, we can represent any 7 6 T e (H) as e + c 7 6 Zi(H; Z2), 
where c 7 is a 1-chain in C±(H \ e; Z2). Then we have that 

= J2 

7 er(H) 

= 51 ^(7)[e + c 7 ]+ J! w (7')[7'] 



7 'er(ff)\r e (iT) 
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h(G 2 ) h(e) 

CD® 



Figure 3.3. 



in Hi(H;Ij2). This implies that if lu is not weakly balanced on e, then lu is not 
totally balanced on T(H) over Z2. d 

Remark 3.3. A totally balanced weight lu on T(H) over Z2 is not always weakly 
balanced on any pair of adjacent edges of H. For example, let lu be a weight on Q3 
(see Example 14. 3|) over Z2 defined by 07(7) = 1 for any cycle 7 6 1XO3). It is easy 
to see that to is totally balanced, but not weakly balanced, on each pair of adjacent 
edges of 83 . 

Proof of Theorem ] 2. S[ (1) Let / and g be two spatial embeddings of G which are 
edge-homotopic such that 

Wl ( 7 V 2 (7')lk(/(7),/(7')) =^(7) W2 ( 7 ')lk( ff (7),5(7')) = 

in Z for any 7 £ T(G\) and 7' € T(G2). First we show that if / is transformed 
into g by self crossing changes on f{G\) and ambient isotopies, then ^ (/) — 
Pun, 012(9) ■ I n the same way as the proof of Theorem 12.21 we may consider three 
spatial embeddings /, g and h of G and the knot J/ t as illustrated in Figure | 
Then, by the same calculation in the proof of Theorem 12.21 we have that 



/W 2 (/)-AWs) = -( E w iW E ^(7 , )ik(MV) ) ^) s 

V7er„(Gi) / 7 'er(G 2 ) 

E wi(7)J E ^(7')lk(M7'),A) 
V 7er e (Gi) / 7 'er(G 2 ) 

E wi( 7 )]lk( E ^(70^(70: A 
V 76r c (Gi) / \7'er(G 2 ) 

If u)\ is totally balanced on T(Gi), then by Lemma 13.21 it is weakly balanced on any 
edge e of G\. This implies that /3 UJl ^ 2 (f) — /3 UJlM2 (g). If lo-i is totally balanced on 
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r(Gi), then we have that 

lk I Yl "2(Y)h(YlJ h \ =ik(o,j h ) = o. 

\7'er(G 2 ) / 

Therefore this also implies that (3 Ul _ U2 (f) = (3 UltU ) 2 (<?)■ ln the same way we can show 
that if / is transformed into g by self crossing changes on /(G2) and ambient iso- 
topies, then /3 UJl ^ 2 (f) = l3 u}lyU2 {g). Thus we have that p uitUa i s an edge-homotopy 
invariant. 

(2) By considering the triple of spatial embeddings as illustrated in Figure [3751 
we can prove (2) in a similar way as the proof of (1). We also omit the details. □ 

Since the Conway polynomial of a split link is zero, our invariants take the 
value zero for any split (2-component) spatial graph. Therefore if the value of our 
invariant of a spatial graph is not zero, then it is non-splittable up to edge (resp. 
vertex) -homotopy. 

4. Integer-valued invariants 

Let G be a planar graph. An embedding p : G — > S 2 is said to be cellular if the 
closure of each of the connected components of S 2 — p(G) is homeomorphic to the 
disk. Then we regard the set of the boundaries of all of the connected components 
of S 2 — p(G) as a subset of T(G) and denote it by T p (G). We say that G admits 
a checkerboard coloring on S 2 if there exists a cellular embedding p : G — > S 2 such 
that we can color all of the connected components of S 2 —p(G) by two colors (black 
and white) so that any of the two components which are adjacent by an edge have 
distinct colors; see Figure |4~T1 We denote the subset of T P (G) which corresponds 
to the black (resp. white) colored components by T p (G) (resp. (G)). 



c o 



Figure 4.1. 

Proposition 4.1. Let G be a planar graph which is not homeomorphic to S 1 and 
admits a checkerboard coloring on S 2 with respect to a cellular embedding p : G — > 
S 2 . Let Up be a weight on T(G) over Z defined by 

( 1 ( 7 g r*(G)), 

wp(7) = { -1 (7 g r«(G0), 

[0 ( 7 er(G)\r p (G)). 

Then lu p is weakly balanced on any edge of G. 

Proof. For any edge e of G, there exist exactly two cycles 7 € r^(G) and 7' £ (G) 
such that e C 7 and e C 7'. Thus we have the result. □ 
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We call the weight u> p in Proposition 14. 1 1 a checkerboard weight. Thus by Propo- 
sition [4J] and Theorem 12.21 (1). we can obtain an integer- valued edge-homotopy 
invariant as follows. 

Theorem 4.2. Let G = G\ U G2 be a disjoint union of two connected planar 
graphs such that G{ is not homeomorphic to S 1 and admits a checkerboard coloring 
on S 2 with respect to a cellular embedding pi : Gi — > S 2 (i = 1,2). Let aj pi be a 
checkerboard weight on T(Gi) over Z (i = 1, 2) and f a spatial embedding of G such 
that 

^ 1 (7H 2 (7')lk(/(7),/(7'))=0 

in Z for any 7 G T(G\) and 7' £ r(G*2). Then (3 ulpi , Up (/) is an integer-valued 
edge-homotopy invariant of f . □ 

Example 4.3. Let 0„ be a graph with two vertices u and u and n edges e\, e^, ■ ■ ■ , e„ 
each of which joins u and u. A spatial embedding of ra is called a (spatial) theta 
n-curve or simply a i/iefa curve if n = 3. For n > 2, we denote that a cycle of 0„ 
consists of two edges and ej by 7^ (i < j). Then it is clear that O n admits a 
cellular embedding p : n — > 5 2 so that 

r p (6„) = {712,723, ■ ■ • ,7n-l,n,7ln} • 

Moreover, for m > 1, 02m admits a checkerboard coloring on S* 2 so that 

rp(6 2m ) = {712,734, ■•■ ,72m-l, 2m} , 
rp(©2m) = {723 , 745, ■ • ■ , 72m-2,2m-l, 7l,2m} ■ 

Now let G be a disjoint union of two copies of 84, each of which admits a 
checkerboard coloring on 5* 2 with respect to the cellular embedding p as above. Let 
oj p be a checkerboard weight on T(04) over Z and g\ a spatial embedding of G as 
illustrated in Figure l4~2l We can see that any of the 2-component constituent links 
of gi has a zero linking number. More precisely, g\ contains exactly one non-trivial 
2-component link L = 51(714) U 31(714) whose linking number is zero. Thus by 
Theorem 14.21 we have that /3 Wp , Wp (<7i) is an integer-valued edge-homotopy invariant 
of g\. Then, by a direct calculation we have that a^{L) = 2, namely /3 WpjWp (gi) = 2. 
Note that a 2-component link is link-homotopically trivial if and only if its linking 
number is zero [S]. This implies that 171 is non-splittable up to edge-homotopy 
despite the fact that any of the constituent links of g\ is link-homotopically trivial. 



9i(e,) g,(e)) 




9i(e 4 ) g,(e\) 



Figure 4.2. 
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Moreover, for an integer m, let g m be a spatial embedding of G as illustrated 
in Figure 14.31 If m ^ 0, we can see that g m contains exactly one non-trivial 2- 
component link L — ^(714) U gmil'ii) whose linking number is zero. Thus we also 
have that P^ piUJp {g m ) is an integer-valued edge-homotopy invariant of g m . Then, 
by a calculation we have that a^,{L) = 2m, namely P u}p ^ Up {g m ) — 2m. This implies 
that there exist infinitely many non-splittable spatial embeddings of G up to edge- 
homotopy, all of whose constituent links arc link-homotopically trivial. 




if m>0 



if m<0 



9je 4 ) g m (e' 4 ) 



Figure 4.3. 

Example 4.4. Let H be a graph as illustrated in Figure I4.41 We denote the 
cycle of H which contains and ej by 7y (i < j). Let G be a disjoint union 
of two copies of H and g\ a spatial embedding of G as illustrated in Figure [431 
This spatial embedding gi contains exactly one 4-component constituent link L — 
51(712 U 734 U 7^2 U 734). Note that if g\ is split up to vertex-homotopy, then L is 
split up to link-homotopy. Since |^i234(£)| = 1, where /11234 denotes Milnor's \i- 
invariant of length 4 of 4-component links [8] , we have that L is non-splittable up to 
link-homotopy. Therefore we have that g\ is non-splittable up to vertex-homotopy. 

We can also prove this fact by our integer-valued vertex-homotopy invariant 
as follows. Let w be a weight on T(H) over Z defined by ^(714) = ^(723) = 1, 
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^(713) = uj(j24) = —1 and a; (7) = if 7 is a 2-cycle. Then it is easy to see that 
u> is weakly balanced on any pair of adjacent edges of H . We can see that g\ 
contains exactly one non-trivial 2-component constituent link M — 51(714 U 7(4) 
with MM) = and a 3 (M) = 2. Thus by TheoremE2] (2) we have that P u , u (gi) is 
an integer-valued vertex-homotopy invariant of g\ and /3 UjU (<7i) = 2. This implies 
that gi is non-splittable up to vertex-homotopy. 




9 1 9m 



Figure 4.5. 



Moreover, let g m be a spatial embedding of G as illustrated in Figure l4~5l which 
can be constructed in the same way as in Example I4.3I Then we can see that 
(3u,w(9m) is an integer- valued vertex-homotopy invariant of g m and Pu,u(g m ) — 2m,. 
This implies that g m is non-splittable up to vertex-homotopy for any integer m/0 
and gi and gj are not vertex- nomotopic for any i ^ j. 

5. Modulo two invariants 

Proposition 5.1. Let G be a planar graph which is not homeomorphic to S 1 and 
p : G — > S 2 a cellular embedding. Let uj p : T(G) — > Z2 be a weight on T(G) over I2 
defined by 

1 (7er p (G)), 
( 7 er(G)\r p (G)). 

Then u> p is totally balanced. 
Proof. It holds that 



76r(G) 



7er p (G) 



E ■ 

eGB(G) 



= 
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in i?i(G;Z 2 ), where E(G) denotes the set of all edges of G. Thus we have the 
result. □ 

Thus by Proposition 15.11 and Theorem l2.3l (1). we can obtain an edge-homotopy 
invariant as follows. 

Theorem 5.2. Let G — G\ U G 2 be a disjoint union of two connected graphs 
such that G\ is planar, not homeomorphic to S 1 and admits a cellular embedding 
pi : G\ — > S 2 . Let uj Pi be a weight on T(G±) over Z 2 as in Proposition [X7J u>2 a 
weight on r(G 2 ) over Z 2 and f a spatial embedding of G such that 

^ 1 ( 7 V 2 ( 7 ')lk(/( 7 ),/(7')) = 

in Z for any 7 £ r(Gi) and 7' S T(G 2 ). Then f3 UJp ,^ 2 (/) is an edge-homotopy 
invariant of f . □ 

Example 5.3. Let G be a disjoint union of 83 and a circle 7. Let lu p be a 
weight on T(03) over Z 2 as in Proposition [5T] with respect to a cellular embedding 
p : 83 — > S 2 as in Example l4.3[ and ui a weight on r( 7 ) over Z 2 defined by w( 7 ) = 1. 
Let g be a spatial embedding of G as illustrated in Figure [5J] (1). We can see that 
g contains exactly one non-trivial 2-componcnt link L = .9(713) U <?( 7 ) which is the 
Whitehead link, so lk(L) = and a%(L) = 1. Thus by Theorem 15.21 we have that 
Puj p ,u}{g) is an edge-homotopy invariant of g and I3 ujp ^{g) = 1. Namely g is non- 
splittable up to edge-homotopy despite the fact that any of the constituent links of 
g is link-homotopically trivial. 

Example 5.4. Let G be a disjoint union of the complete bipartite graph on 3 + 3 
vertices ^3,3 and a circle 7. Let 0^3,3 be a weight on ^3,3 over Z 2 defined by 
^3,3(7') = 1 if 7 ' is a 4-cycle and if 7' is a 6-cycle. Let u be a weight on r( 7 ) over 
Z 2 defined by oj(-f) = 1. Then it is not hard to see that w 3:3 is totally balanced and 
weakly balanced on any pair of adjacent edges of ^3,3. For a positive integer to, let 
g m be a spatial embedding of G as illustrated in Figure l5Tl (2). Note that ^(^3^3) 
and gj(K?,^) are not vertex- homotopic for any i ^ j [9]; namely gi and gj are not 
vertex-homotopic for any i ^= j. Since all of the 2-component constituent links of 
g m are algebraically split, by Theorem 12.31 (2) we have that /3 UJ3 3 ,w(<?) is a vertex- 
homotopy invariant of g m . Moreover we can see that there exists exactly one 4-cycle 
7' of 3 so that L = g m (l U 7') is non-trivial. Since L is the Whitehead link, we 
have that /3 W3i3lU (g m ) = 1- Therefore g m is non-splittable up to vertex-homotopy 
despite the fact that any of the constituent links of g is link-homotopically trivial. 




Figure 5.1. 
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Remark 5.5. The Z2-valued invariant in Theorem 12.31 cannot always be extended 
to an integer-valued one. For example, 

(1) Let us consider the graph G and the invariant f3 UptUJ as in Example 15.31 
Let / be a spatial embedding of G as illustrated in Figure 15.21 We can see 
that / is edge-homotopic to the trivial spatial embedding h of G. But by a 
calculation we have that J2i<k 3 <3 a 3(f(lij)i f(l)) = -2. 




f h 



Figure 5.2. 

( 2 ) Let G be a disjoint union of O4 and a circle 7. Let u p be a checkerboard 
weight on F(G>4) over Z as in Example 14.31 Note that the modulo two 
reduction of a checkerboard weight is totally balanced. So by Theorem 12.31 
(1), the modulo two reduction ofJ2 7 £r(e 4 ) w p(7«j) a 3(/(7«i U7)) is an edge- 
homotopy invariant of a spatial embedding / of G. Moreover, we can see 
that the integer-value 2 7i er(e 4 ) w p(7y) a 3(/(7ij U7)) is invariant under the 
self crossing change on /(O4) in the same way as in the proof of Theorem 
12.21 (1). But this value may change under a self crossing change on f("f). 
For example, let / and g be two spatial embeddings of G as illustrated in 
Figure [Ol We can see that / is edge-homotopic to g. But by a calculation 
we have that 

w P (7ii)o3(/(7»i))/(7)) = 

7«er(e 4 ) 

Y ^(7^)03(5(7^)^(7)) = 1. 
7,i6r(e 4 ) 




Figure 5.3. 
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6. Applying the boundary of a planar surface 

Let X be a disjoint union of a graph G and a planar surface F with boundary. 
Let w be a weight on r(G) over Z2 and ip an embedding of X into S 3 such that 

w(7)lk(^(7),V>(7'))=0 

in Z for any 7 G T(G) and 7' G r(<9F). Then we define /3 u (ip) G Z 2 by 

/M<^) = w (7)a3(<^(7),^(7')) (mod 2). 

i'er(8F) 

Let G be a disjoint union of a connected graph G± and a connected planar graph G2. 
Let / be a spatial embedding of G and p an embedding of G2 into S 2 . We denote 
the regular neighborhood of p(G 2 ) in S 2 by F{G2',p), which is a planar surface 
having p{G2) as a spine. Then the spatial embedding / induces an embedding f p of 
the disjoint union Gi UF(G 2 ;p) into S 3 , so that f p (Gi) = f(Gi) and f p {F(G 2 ;p)) 
has /(G2) as a spine in the natural way. Note that such an induced embedding f p 
is not unique up to ambient isotopy. Let u> be a weight on T(Gi) over Z2 so that 

W (7)lk(/ P (7),/ P (7')) = 
in Z for any 7 G T(Gi) and 7' G r(<9i< 1 (G2;p)). Then we have the following. 

Theorem 6.1. If f is split up to edge-homotopy, then /3 u (f p ) = for any induced 
embedding f p of Gi U F(G2',p)- 

Proof. By the assumption we have that / is transformed into a split spatial embed- 
ding u of G by self crossing changes and ambient isotopies. Then each of the self 
crossing changes induces a self crossing change on f p {G\) or a band-pass move [6] 
(see Figure fBTTj) on f p (F{G2\p)). Namely f p can be transformed into an induced 
embedding u p of G\ U F(G2',p) by such moves and ambient isotopies. Let g p be 
an embedding of G\ U F(G2',p) into S 3 obtained from f p by a single self crossing 
change on f p (Gi) or a single band-pass move on f p (F(G2]p))- Then it still holds 
that 

^( 7 )lk(g p (7),5 P (7')) = 
in Z for any 7 G T{G X ) and 7' G Y{dF{G 2 \p))- 

Claim. /3 W (/ P ) = 

Assume that g p is obtained from / p by a single self crossing change on f p (Gi). 
Since it holds that 

E M = o 

7'er(aF(G 2 ;p)) 

in Hi(F(G2]p)' 1 Z2), we can see that /3 W (/ P ) = u (9p) in a similar way as the proof 
of Theorem 12.31 (1). Next we assume that g p is obtained from f p by a single band- 
pass move on f p (F(G 2 ;p))- Then g P \G 1 udF(G 2 ; P ) is obtained from f p \ Gl udF(G 2 ;p) h Y 
a single pass move [S] (see Figure IBTTj) on f p (dF(G2;p)). We divide our situation 
into the following two cases. 

Case 1. Four strings in the pass move belong to f P (Yi) and fpij^) f° r exactly 
two cycles j[ and 72 in T(dF{G2\p))- 
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This pass move causes a single self crossing change on / p (7() and a single self 
crossing change on / p (7a)- Then the separated components that result from smooth- 
ing each of the self crossings are orientation-reversing parallel knots; see Figure IST21 
So the difference between p w (f p ) and Pu(g p ) is cancelled out in a similar way as in 
the proof of Theorem 12.21 (1). Thus we have that f3 UJ (f p ) = (3 u (gp). 

Case 2. Four strings in the pass move belong to fpij') for a cycle 7' in 
T(dF(G 2 ;p)). 

It is known that a pass move on the same component of a proper link L = 
Ji U J 2 U • • ■ U J n preserves Arf(i) = Arf (L) - £" =1 Arf(Ji) € Z 2 (cf. [TB])@ 
Especially if n = 2 then 03 (X) = Arf(i) (mod 2) [T2J Lemma 3.5 (ii)]. Therefore 
in this case the pass move preserves oj(-f)a 3 (f p (j), f P (j')) for any cycle 7 S r(Gi). 
This implies that /3 u (f p ) = /3 u (g p ). 

Now by the argument above, we have that 0u(f p ) = P w (u p ). Then, each 2- 
component link ^(7117') is split for any 7 G T(Gi) and 7' 6 T(9F(G2;p)) because 
u is split. Therefore we have that (3 u (f p ) = Philip) — 0. This completes the 
proof. □ 



1 1 



band-pass 
move 



pass move 



Figure 6.1. 




Figure 6.2. 

3 The value of Arf(L) is called the reduced Arf invariant of L |15| . 
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Example 6.2. Let G be a disjoint union of a circle 7 and the handcuff graph (resp. 
2-bouquet) G2. Let w be a weight on T(j) over Z2 defined by a; (7) = 1. We fix an 
embedding p : G2 — > S 2 and take a regular neighborhood F(G2',p) as illustrated in 
Figure O(l) (resp. (2)). 




(1) (2) 
Figure 6.3. 

Let / be a spatial embedding of G as illustrated in Figure |2~T1 (1) (resp. (2)). 
Let us take an induced embedding f p : 7 U F(G2',p) — > S' 3 as illustrated in Figure 
[631(1) (resp. (2)). Note that lk(/ p ( 7 ), /pfr')) = for any 7' e r(9F(G 2 ;p)). Then 
it can be calculated that /3 u (f p ) = 1. Thus by Theorem 16.11 we have that / is 
non-splittable up to edge-homotopy. 




(1) (2) 



Figure 6.4. 
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